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Abstract—Consideration is given to the growth of vapour bubbles in boiling on a solid wall with small
angles of wetting. Tt is shown that heat transfer in the wall under the bubble can occur in a quasi-stationary
mode. The limits of the applicability of this approach are determined. The solution is given to the Laplace
equation V27 = 0 which describes the temperature field for the case considered. A theoretical relationship
for the vapour bubble growth modulus with no empirical constants is obtained. The relationship quite
satisfactorily predicts experimental data for cryogens, freons and other liquids that can easily wet a heating
surface. It has been established that the effect of the heating surface material can be accounted for with
the help of a simple parameter—the relative thermal conductivity 4, /4.

1. INTRODUCTION

THE PROBLEM of the growth of vapour bubbles in
boiling has been the concern of a great number of
theoretical and experimental investigations due, first
of all, to the fact that the bubble growth rate enters,
directly or indirectly, into the overwhelming majority
of theoretical relations that describe the boiling heat
transfer rate.

However, an accurate theoretical solution has been
obtained only for the growth rate of a bubble in the
bulk of a uniformly superheated liquid [1]. Thisis a
well-known solution which agrees nicely with exper-
imental data in a wide range of Ja [2, 3]. Attempts
have been made to apply this solution to the bubble
growth on a heating wall too. We shall not dwell in
detail on those attempts here because the inadequacy
of this approach has been rather conclusively dem-
onstrated, e.g. in ref. [4]. Moreover, there exist a num-
ber of experimental investigations indicating that both
the bubble growth rate and the heat transfer
coefficient in boiling depend substantially on the ther-
mal properties of the heating surface [2, 5-9].

Labuntsov [10] was the first to propose a relation-
ship accounting for direct heat transfer from the heat-
ing wall to the bubble. It was assumed that the only
thermal resistance on the way of the heat flux into the
bubble was a liquid microlayer in the bubble base (Fig.
1). Then this heat flux can be very easily calculated as

M
q=g(Tw*Ts)- )

It was assumed in this case that T, = const. As a
result, the following theoretical relationship was
obtained :

m= = ,/{const. Ja) )

3
\/ (a7)

where const. & 12. Equation (2) appears to be only a
limiting case of a more complex relationship which
takes into account the heat conduction in the heating
wall itself. In fact, the assumption that 7, is constant
under a growing bubble can be realized only at high
thermal conductivities of the wall, 4,,, whereas at low
A, the bubble will cool the adjacent parts of the wall.

Attempts to take into account the heat transfer in
the wall itself were made {2, 7, 11], but in our opinion,
all of them share one disadvantage, in all of
these studies the authors used the solution of a one-
dimensional problem of cooling a semi-infinite solid
with these or other boundary conditions. It is well
known, however, that the system geometry can be
of fundamental importance in heat conduction
problems. Thus, a spherical heat source immersed in
an infinite body generates a heat flux in a quasi-
stationary regime, whereas cylindrical and flat sources
are unable to do this {12].

A specific feature of this paper is that it considers
a three-dimensional temperature field rather than a
one-dimensional one. It turns out that the heat trans-
fer process in the heating wall under the bubble base
often proceeds in a quasi-stationary regime thus sig-
nifying that it can be described by a stationary heat
conduction equation.

2. STATEMENT OF A HEAT TRANSFER
PROBLEM IN A HEATING WALL

An important parameter which influences the shape
of the interface in three-phase systems is the wetting
angle f. In a general case, the magnitude of this angle
depends on many factors. This entails certain diffi-
culties when constructing the bubble growth model in
boiling. However, for a number of fluids the value of
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a  radius in cylindrical coordinate system ;
thermal diffusivity

A dimensionless radius, a/ry,

specific isobar heat capacity

Fo Fourier number, a,t,/r’

h  latent heat of vaporization

Ja  Jakob number, c\p/(T,,— T,)/hp,

m  dimensionless bubble growth modulus,
oy (@)

q  specific heat flux

g, value of ¢ in the microlayer under the
bubble base, — 4L ((T,, —T,)/d)

¢, heat produced per unit volume

g, value of ¢ in the wall on the boundary with
liquid, —A,(0T/02)|,.

Q  heat flow rate

¢ dimensionless value of @, Q/(r,/6;)

0O, heat flow rate entering the bubble from the
surrounding superheated liquid

Q.. heat flow rate transferred from the wall

r radius in spherical coordinate system

r,  radius of a spherical bubble

(2%

r,  bubble departure radius

R  dimensionless radius, r/r,

T  temperature

T, temperature at infinite distance from the

coordinate origin

saturation temperature

wall temperature at the boundary with

liquid

U radial liquid velocity in the spherical
coordinate system the origin of which
coincides with the bubble centre

3

NOMENCLATURE

U, value of U on the vapour-liquid interface
V, bubble volume

z  coordinate

Z  dimensionless coordinate, z/r,

Greek symbols
o angle in cylindrical and spherical

coordinate systems
angle of wetting (contact angle)
parameter found from formula (80)
microlayer thickness

r thickness of superheated liquid layer
formed on the wall in nucleate boiling

D =< ™

A dimensionless thickness of microlayer,
d/ry

@  temperature drop, T—T,,

0, total temperature drop, T,— T,

® dimensionless temperature drop, 6/0,

®, value of ® on the boundary between

regions I and II (Fig. 8)

thermal conductivity

relative thermal conductivity, 4,,/4,
density

time from bubble initiation

time of bubble growth prior to departure
angle in spherical coordinate system.

=3

S A AT o~

Subscripts
1 liquid
v vapour
w  wall
" dimensionless quantity.

/9

AN

FiG. 1. Scheme of vapour bubble growth according to ref.
[10].

B is sufficiently stable. This refers, first of all, to cryo-
gens for which B varies in the range 0°-15° [2]. Freons
[13] also have low wetting angles. Rather low values
of B (10°-25°) are typical of some organic fluids, such
as ethanol, benzene, and propanol [14]. We shall con-
fine our attention only to these groups of fluids that
can easily wet heating surfaces, thus allowing the
influences of B to be disregarded and to assume for
certainty that

B =0°. 3)

We will assume further that the vapour-liquid inter-
face has a spherical shape. According to experimental
evidence, this assumption holds true at small Ja,
whereas at high Ja the shape of the surface becomes
slightly distorted and this can influence the bubble
growth rate. The latter can narrow the Ja-based range
of validity of the results obtained. Specific recom-
mendations regarding the above will be given in
Section 6 on the basis of the comparison between
theoretical and experimental values of the growth
module at different Ja.

The latter assumption, with relation (3) taken into
account, implies that the bubble has the shape of a
sphere which touches the wall at one point (in what
follows the zone of bubble contact with the wall will
be discussed at some length).

We shall consider the problem in the spherical
(r, ¢, 2) and cylindrical (g, z, ®) coordinate systems as
shown in Fig. 2. It will be assumed in the cases that
follow that the temperature field is independent of
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F16G. 2. Proposed model of the vapour bubble.

angle «, therefore from now on this coordinate will
not be indicated.

The thickness of the liquid layer under the down-
ward facing spherical bubble surface can be found
from

5=r,—(h—a®). @

This layer will be traditionally referred to as a ‘micro-
layer’ even though in our formulation its maximum
thickness amounts to r, at a = r,. The specific heat
flux transferred from the wall to the bubble through
this microlayer will be calculated from equation (1),
using equation (4), but bearing in mind that the wall
surface temperature T, in our problem may depend
on the coordinate g and time 7. We will also assume
that when a > r,, there is no heat transfer on the
boundary of the solid wall.

In remote zones (@ — o or z — o) the wall tem-
perature is independent of space and time and is equal
t0 Ty

We will further assume that the liquid and wall
material properties are constant in the temperature
range T-T.

The heat exchange between the bubble and the sur-
rounding liquid (except the ‘microlayer’} will be
neglected now. Its influence will be considered later,
in Section 5.

The above assumptions allow one to formulate the
following system of boundary conditions for the heat
conduction process in the wall (in the cylindrical sys-
tem of coordinates) :

or A4
Z—Os a<xr, AwE;_E(Tw_:rs) (5)
oT
z=0, a>r, 2w52—=0 ©6)
z—swora-+ow, T-T,. )

In order to calculate heat transfer to the bubble from
the heating wall, it is necessary to solve the equation
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of heat conduction in the wall (with the above bound-
ary and some initial conditions) :
or 4y

—=aq, VT +

0t CoPw ®)

We shall assume that all the heat is transferred to
the bubble from the peripheral zones of the wall, i.e.
the power of the inner heat sources is equal to zero.
Then equation (8) will be reduced to

or 5

5 =aVT. )
Under certain conditions this equation can be con-
siderably simplified. Indeed, in the case of slow bubble
growth and high values of q, it is possible to ignore
the term 07/0r in equation (9) and the latter will go
over into the Laplace equation

0=VT. (10)

This means that for each value of r, there will develop
in the wall a steady state which will correspond to
boundary conditions (5)—(7). It is therefore natural
that the heat flux transferred to the bubble under these
conditions will depend on r, and consequently on .
In other words, in this case the non-stationary heat
transfer is realized in such a way that the system at
hand passes successively through an infinite number
of stationary states. In this sense the heat transfer in
the wall can be called quasi-stationary.

3. STATIONARY SOLUTION

Consider the solution of the said problem for the
case of quasi-stationary heat conduction in a wall
(in the cylindrical system of coordinates). Under the
assumptions made heat transfer is completely deter-
mined by the following set of variables: ry, 4y, 44, 6,, @,
z. Obviously, it is possible to write for the temperature
difference and heat flux from the wall to the bubble
that

9 = fl(rb’ 2-1: A'w} ess a, Z) (1 1)
Qu = [1(ro, 41, 4, 6,). 12

Further, using dimensional analysis we can obtain,
respectively, that

0 =142 (13)
0. = f2(0. (19)

It is the search for relations (13) and (14) that the
present section will deal with.

The dimensionless specific heat fluxes at the wall-
liquid boundary can be expressed as

(15)

Qv = Gw Ze (16)
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Equation (10) with boundary conditions (5)—(7) can
be nondimensionalized as follows:

VO =0 (17)
Z=0, A<1, §4,=4 (18)
where
¢ =(1-0)/A 19
Z=0, A>1, §¢,=0 20)
A—-w, -0 (21)
Z->w, 0-0. (22)

We have solved equation (17), with boundary con-
ditions (18)—(22), by numerical methods on the basis
of Thomas’ exact solution [15] for a semi-infinite solid
body which receives heat flux uniformly distributed
over the area of some circle of radius b (Fig. 3).

Thomas had obtained the following expressions for
the surface temperature of the body (z = 0):

whenO<a<bd
(23)

whena > b

2]

where K and E are complete elliptical integrals of the
first and second kind, respectively. Using the super-
position method, it is not difficult to obtain, from the
above solution, the temperature distribution for the
case of an annular heat source with the outer and
inner radii b,,, and b,, respectively. To this end, it
suffices to subtract the solution for the circle of radius
b, from the solution for the circle of radius b, ,. For
instance, for the case of 0 <a < b; < b,,, we can
obtain (using equation (23)) that

2 Guy a a
=240 (i) -ee(2)] e

Now, employing again the superposition method, it
is possible to obtain a solution for any, a priori pre-
scribed distribution of ¢, which has a circular
symmetry. For this purpose, the given heat source
should be divided into annular sources of cor-
responding strength and the resulting temperature dis-

0

TP TTINT YTV 77
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F1G. 3. A semi-infinite body with a circular heat source of
radius b [15] attached to the surface.

M. V. Froporov and V. V. KLIMENKO

tributions should be summed up. We have used this
very procedure to calculate Q. In the wall zone the
bubble was divided into annuli so that the liquid layer
thickness change in each annulus would not exceed
+ 5% of the average layer thickness in this annulus.
The microlayer thickness was assumed to be approxi-
mately constant within each annulus and equal to the
average thickness in this annulus.

For the problem to be defined completely, now it
remains only to prescribe the minimum dimensionless
thickness A,;,. Assume that the minimum micro-
layer thickness corresponds approximately to inter-
molecular distances in the liquid, i.e. amounts to 10~*-
10~' m. Then for a bubble of I mm in diameter the
value of A, will amount to 2x107%-2x 107, It is
for these two values of A,,;, that the problem stated has
been solved by the present authors. Running ahead,
it should be noted that, as a result, we have obtained
two dependencies of §,, on . By substituting them
into the final relationship for the growth modulus
(81), we come to the following conclusion, similar to
that of the author of ref. [10], who investigated the
growth of bubbles on an isothermal surface : that there
is an extremely small influence of the choice of the
minimum microlayer thickness on the growth modu-
lus. Thus, a variation of A, by an order of magnitude
led to a change of m by no more than 9%. This
difference decreases with £ and when ¢ < 1000 it does
not exceed 1%. Therefore, this has made it possible
to ignore the influence of A, on the bubble growth
and not to perform calculations for other values of this
parameter. For certainty we have chosen the solution
with A, =2x107%; then the number of annuli
turned out to be equal to 132. All the results given
below refer to this case.

Before writing a computer program, expressions of
the type of equation (25) were nondimensionalized
with the aid of equation (16). For example, equation
(25) acquired in this case the following form:

0< A< B <B,,

oca0-28n e ) ns(2)]

(26)

Calculations were made in the following way. At
the beginning of each step, the initial distribution of
dimensionless temperature on the wall surface was
assigned : ®(¢, 4,0). It was assumed for the first step
that ®(¢, 4,0) = 0. Then, using equations (18) and
(19), the distribution of the dimensionless specific heat
flux §, was calculated. Then, using the above-
described technique (superposition of calculations
from relations of the type of equation (26)), a new
distribution, ®(¢, 4,0), was found from the previous
one. As the initial distribution for the next step use
was made of some intermediate distribution between
the new distribution and that one which was initial
for the previous step. The calculations were stopped
when the newly obtained temperature distribution
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coincided with the initial one for the given step. In
this case, the resulting temperature distribution is such
that at each point on the interface the specific heat
flux, coming from the wall, is equal to the specific heat
flux passing through the microlayer. Thus, boundary
condition (18) is fulfilled.

Conditions (20)—(22) are fulfilled automatically
because we deal with the superposition of the finite
number of Thomas’ solutions, for each of which these
zero conditions are fulfilled. Therefore, the tem-
perature distribution @(&, 4,0) obtained is the solu-
tion of the Laplace equation (17) with boundary
conditions (18)—(22).

Note that the initial and new distributions of the
dimensionless temperature were considered to coin-
cide when the maximum discrepancy between them
was less than 0.0001. Our calculations have shown
that a further increase of accuracy does not exert
any marked effect on the result.

In order to find © on the z-axis, we used the ana-
Iytical solution for a disk source of constant power
located on the surface of a semi-infinite body (Fig. 3)
[16], which in our notation has the form

R NICR)) { < z )
8,=2 7 ierfc 3 \/(awt)

. J@E+ b,-z)]}
ierfc [—————2 ) . @n

To enable a stationary solution to be found, it is
necessary to proceed to the limit ¢ — oo. The change-
over to the annular source is realized by the super-
position method described above. As a result we
obtain the following equation in dimensionless vari-
ables for an annular source with radii B,and B, ,:

0,6.0.2) =LA@+ 8, ) -y @ +BY).
(28)

Since we already know the values of §,;, then, to
find ®(¢,0, Z), it is sufficient to sum up all the results
of the calculations from equation (28) for all 132
annuli.

Calculations were made for 20 different values of ¢
in the range 20-10°.

The results for some values of ¢ are displayed in
Table 1. Here, a spherical system of coordinates (Fig.
2) is used. The values of the dimensionless wall tem-
perature ©(&, R, ¢) are given for two cases: on the
liquid boundary, (¢, R, 7/2), and on a straight line
which corresponds to the z-axis of the Cartesian coor-
dinate system, ®(£, R, 0). In Fig. 4 the same results at
¢ = n/2 are presented in graphical form. For ease of
graphical representation (T—T,)/(T,— T,), equal to
(1 —0), and not @, is plotted along the ordinate. The
dimensionless thickness of the liquid microlayer A is
also presented.

As is seen from Table 1 and Fig. 4, the wall tem-
perature under a growing bubble can change appre-

ciably only at small values of &. When & > 10*, the wall
is heated almost uniformly. Moreover, this conclusion
also holds true for non-stationary heat transfer in a
wall, since in this case the wall does not succeed in
cooling down to a temperature given by the Laplace
equation, and therefore it will be still more uniformly
heated than in the stationary case. Thus, Labuntsov’s
assumption {10] that the wall temperature under a
growing bubble is constant, holds true at high values
of £. The above relation (14) for a dimensionless heat
flux transferred through a liquid microlayer into the
bubble is shown in Table 2.

The value of 0, was found by integrating equation
(19) over the dimensionless area of the bubble base.
For the quantity ® we used the obtained distribu-
tions of the dimensionless wall surface temperature
©®(t,R,n/2). The quantity (, increases with ¢,
approaching asymptotically the value of 0, for a uni-
formly heated wall equal to 76.10.

The above relation for 0, was used to find the
bubble growth modulus. For this purpose, we em-
ployed the energy balance equation for the bubble
in the following form :

hp, e O, 29
whence we shall obtain for a spherical bubble
d /4 o
hpv a <§ 7tr§> = lelrbes (30)
or
_ Q"w'lles
r,dr, = Amhp, dr. (31
Integrating from 0 to 7 yields
Ty Qw
=——= [|Z=Ja). 32
" NICY) \/<2n a) G2

At large values of ¢ equation (32) almost coincides
with Labuntsov’s expression (2) where const. = 12.
When ¢ > 10* the values of m, calculated from these
relations, differ by no more than 1.3%.

Let us evaluate the penetration depth of tem-
perature perturbations in liquid, /, using the solution
of the problem concerning the cooling of a uniformly
heated semi-infinite rod with a constant temperature
maintained on its butt-end. The penetration depth can
be adopted to be, for instance, such a distance from
the butt-end over which the temperature differs by
0.1(T—T,) from the temperature at infinity. Then [16]

I~ 2.32/(ar) = 2./(ai7). 33)

When calculating the quantity 0, we assumed that
half of the bubble surface facing downward (Fig. 2)
is entirely involved in heat transfer with the wall.
However, under certain conditions the height § of
some part of this surface over the wall can turn to be
greater than the temperature disturbance penetration
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Table 1. Calculated values of the wall dimensionless temperature under a bubble ®(, R, ¢) in the case of quasi-stationary
heat transfer

=20 =10 &=10 &= 10* £=10°
R $=mp ¢=0 & = u/2 $=0 = n/2 $=0 b =2 $=0 & =2 $=0
0.001 8.87x107" 982x10°" 936x107 920x107 528x10°} 503x1071 934x1072 880x 1072 101102 9.50x10°
0.01 9.90 9.06 8.78 7.14 3.59 275 5.56 429 S91x 1077 4.56
01 727 5.52 3.64 2.82 76Tx10°% 642x107% 9.90% 10~ 8.54x10°% 1.03 8.91% 10 ¢
02 546 4,03 2.32 1.83 439 375 5.52 4.84 571%10°% 5.02
03 436 321 172 1.37 kR 2.68 3.36 3.42 3.99 3.54
04 36t 2.67 1.37 1.10 2.41 2.10 297 265 3.07 275
0.5 3.07 228 1.13 9.22x 1072 1.97 1.73 242 217 2.49 2.25
0.6 264 1.99 9.61x10° 7.93 1.66 1.47 2.03 1.84 2.09 1.90
0.7 230 .77 8.30 6.95 142 1.27 1.75 1.59 1.80 1.65
08 202 1.58 7.26 6.18 1.24 L3 1.53 1.41 1.57 1.45
09 178 1.44 6.40 5.56 1.10 1.01 1.35 1.26 139 1.30
1 1.55 131 5.65 5.06 9.78x 1077 9.13% 107 1.20 114 1.24 017
2 T22x107? 695x1072 2.69 2.63 4.75 468 S8TxI0°% 579%107% 6.06x 1077 598x10°°
3478 4.69 1.79 1.77 3.16 3.13 3.90 3.88 4.03 4.01
4 357 3.54 1.34 1.33 2.36 2.36 292 2.92 3.02 3.01
5 285 2.84 1.07 1.06 1.89 1.89 2.34 2.33 2.41 2,41
6 238 2.37 891x 1077 888x107% 1.58 1.57 1.95 1.95 2.0 2.01
7 204 2.03 7.63 762 1.35 135 1.67 1.67 172 172
8 1.78 178 6.68 6.67 1.18 1.18 1.46 1.46 1.51 1.51
9 1.53 1.58 593 5.93 1.05 1.05 1.30 1.30 1.34 1.34
10 1.21

1.42 1.42 5.34 5.34

9.45x 107

945x10°* 1.17 117 1.21

depth / in the liquid. Then this part of the bubble
surface will appear to be cut off from heat transfer by
the wall. How can this influence the value of m?

Let us imagine a plane AA drawn parallel to the
wall surface but above this surface by the value pr,
(where 0 < p < 1), as shown in Fig. 5. Making use
of the previously obtained temperature distribution
O, R, n/2) (Table 1), we can assess the heat flux

/ As ]
o] 0.5 1

s

FiG. 4. Dimensionless wall temperature on the boundary
with liquid at different £.

FiG. 5. Diagram of bubble growth at small penetration
depths of temperature variations.

being transferred to that part of the bubble surface
which lies beneath the plane AA-Q, and calculate
from equation (32} the growth modulus m,, which
corresponds to this heat flux. Figure 6 presents the
relative deviation

Table 2. Calculated relationship between the dimensionless
heat flux @, and parameter &

Q“‘

¢ O ¢
2x 10} 17.89 2% 10° 65.59
4 24.13 4 70.04
6 28.15 6 71.84
8 31.15 8 72.81
1% 10° 33.55 1> 10* 73.42
2 41.30 2 74.71
4 49.29 4 75.39
6 53.89 6 75.62
8 57.04 8 75.74
1x10° 59.35 1x10° 75.81
X

100 T T Y T

- 100%

M=y =y,
Mgxy

P

FIG. 6. Relative deviations of the growth modulus on ‘cutting
out” a part of the bubble surface when & > pry,.
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FiG. 7. Comparison of theoretical relation (32) with experimental data. For notation of points see Fig. 11.

e~ (34)

plotted vs p for two extreme values of &.

As is evident from this figure, when p = 0.4 the
influence of the ‘cut-off’ part of the surface becomes
negligible (the deviation of the growth modulus does
not exceed 5%). Therefore, equation (32) can be used
when the condition / > 0.4r, is satisfied. With equa-
tions (32) and (33) taken into account, this condition
can be transformed to

m<s. (35)

Comparison of equation (32), calculated with the
use of Table 2, with experimental data, obtained when
condition (35) is satisfied, is given in Fig. 7. From this
figure it is seen that the theoretical relation agrees
qualitatively well with experimental data. However,
quantitatively, the majority of experimental points lie
slightly above the theoretical curve. This circum-
stance, which in our opinion is associated with the
influence of héat transfer from superheated liquid
layers, is taken into account when the final relation-
ship for the growth modulus is derived in Section 5.

Returning to Table 1, we shall point out an inter-
esting thing : in the case of great radii the temperatures
at ¢ = /2 and 0 are equal. This is not by chance,
because, as shown in ref. [17], Thomas® solution for
the disk of power Q; is transformed into the solution
for a point source (with double the power, of course,
because we deal here with a half-space rather than the
entire space) :

_ O
0: = 2nrd,,

(36)

Since our solution was obtained by the superposition
of » Thomas solutions, then for r - co one can write

; nr/lw 27rr}.W Z Q: 37
or
0= 21:Qrv:1 . (38)

HMT 32:2-C

Thus, our solution at infinity should pass to the solu-
tion for a point source of the corresponding (double)
power. Equation (38) can be written in dimensionless
form as

~

_ O
" 2rRE

With high values of R, calculations by equation (39)
agree with the data from Table 1 for both ¢ = n/2
and 0. Considerable deviations are observed only at
very low R.

In the next section we shall need the mean integral
wall temperature in the region bounded by a semi-
sphere of radius R, i.e. ®(&, R,). Asis shown in Appen-
dix A, this value can be calculated approximately
using relation (39) from the following equation :
30w

which is valid when R? > 0.09.

(39

(40)

4. THE RANGE OF APPLICABILITY OF THE
QUASI-STATIONARY MODEL

We shall try to determine conditions under which
heat transfer in a heating wall follows the stationary
law. Divide the heating wall under the bubble by a
semisphere of radius r,, with the centre coinciding
with the centre of the bubble base, into two parts:
region I with 0 < r < r, and region II with r, < r (Fig.
8). Determine the maximum dimensionless tempera-

F1G. 8. Determination of the limits of the quasi-stationary
approach applicability.
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ture on the boundary of regions I and II, i.e. @F**
which is achieved on bubble growth.

When c¢,p,, is high, the heat accumulated in the
wall will hinder its cooling during bubble growth.
Therefore, we shall assume that the wall will be cooled
the most when ¢, p,, — 0,1.e. when the quasi-stationary
approximation is valid (see Section 2). Then, ®, can
be calculated, with some overestimation, by relation
(40) which can be rewritten in the form

_ Qw Ty
Q, = 2 7 41h
This quantity takes its largest value when r, = r,
max QW
oy = I 42)

Calculations from this relation with the use of Table
2 showed that in the considered range of ¢ the value
of ®F* does not exceed 0.14. This means that no less
than 86% of the total temperature difference is real-
ized in region I and in the microlayer, that is, essential
in this case will be the thermal processes that proceed
only in these regions, whereas the thermal resistance
of region II can be neglected. (The accuracy of this
approximation can be improved by taking a some-
what greater radius for zone I, but this is of no prin-
cipal importance for further analysis.)

Thus, to determine the region of the quasi-
stationary approximation applicability, it is necessary
to find the conditions under which the heat capacity
of region I cannot exert an appreciable effect on heat
transfer to the bubble. We will assume that these
conditions are satisfied in the case when the maxi-
mum possible variation of the internal energy of
region I for the time of bubble growth AE, is much
smaller than the heat transferred to the bubble from
the wall during that time, E, :

AE
T«

E 43)

As already pointed out, the existence of heat capacity
c.pw should prevent the wall cooling and, conse-
quently, the decrease of the temperature difference in
the microlayer. Therefore, we will assume that E,,
will reach its minimum value when ¢,p, —» 0 (with
other conditions being equal). This means that to
find ET™, we can make use of the quasi-stationary
approximation

Emn < j 0. dr (44)
0
where Q,, is found with the help of Table 2.
Since
AE, _ AE
— > 4
Ewm = Ew ( 5)

then to satisfy condition (43), it is sufficient that
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AE, 1 (46)
Er‘:}in ‘

A great number of experiments demonstrate that the
bubble growth curves r, = f(t) are rather well
approximated by the relations of the type

r,=M:1"

(47)

where M and » are constants if the characteristic

dimension of the heater is close to or exceeds the

bubble departure diameter. We consider here only low

and moderate Ja (Section 6). In this case the value of

n is close, as a rule, to 0.5 and for the overwhelming

majority of data it lies within the range 0.3-0.7.
Therefore, we shall assume that

n=05+0.2. (48)
From equation (47) it follows that
N eal (49
Fp =Ty ) )
Then, equation (44) will yield
) o . 7Y
Eyr =1 Quhbre|—)dr (50)
o To
ie.
. | B,
EJ" = ——(QAbrot,. (51)

n+1

In accordance with equation (48), the value of
1/(n+1) is equal to 0.68 accurate to 13%, therefore
we can write

E™® 2 0.680,, 4,0, 0T. (52)

The maximum value of AE; can be readily evaluated
as

2
AE; = Zric,pu 0. (53)

3
But this evaluation is much overestimated because it
implies that for the period of the bubble growth the
temperature at all the points of region I will change
from T, to T,. However, as it was pointed out above,
the maximum cooling, with all other conditions being
equal, takes place when c,p,, —» 0. Then the minimum
mean integral temperature of region I can be approxi-
mately calculated from relation (40) and the maxi-
mum temperature can be taken as T,.. Then we can
obtain

30,

dné(rofr,) ~
This value will reach its maximum when r, =r,
(R.=1)

2
AE, =Zaric.pa (54)

3

AET™ = %rgcwpwes.

=5 (55)
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Then, to satisfy inequality (46) and, consequently,
condition (43), it is sufficient that

(Qw 28)r3cypo by «

0.680,,4,0,r,To ! (56)
whence
a,to/rd > 0.7
ie.
Fo>0.7. 57

This condition has a clear physical meaning. Indeed,
the quantity r3/a, can be interpreted as the scale of
the relaxation time of thermal disturbances [12]. Then,
in accordance with inequality (57), for the process to
be quasi-stationary (i.e. in order that the system could
pass successively through an infinite number of its
stationary states, each of which corresponds to the
microlayer configuration available at the given
moment), it is necessary that the characteristic time
for the process t, be much in excess of the relaxation
time r}/a,.

Usually, the bubble growth rate is characterized by
the growth modulus

Iy
\/(aﬂ)‘

The determination of this quantity from the departure
parameters (T, ro) will yield

(58)

a.la
Fo = w/2 I.
m

(59

It will be shown in Section 5 that the accurate cal-
culation of heat influx from the wall to the bubble is
meaningful only at small Ja (£13), and this, by the
way, is true for the greater portion of the practically
important range in boiling of liquids. Experiments
show that in this case m < 10 and it decreases with
Ja. Since in the majority of cases the ratio a,,/a, lies in
the range 10°-10°, the quasi-stationary heat transfer
model in the heating wall can be expected to have
quite a wide range of applicability. We shall return
to this problem in Section 6 when comparing the
theoretical relation for the growth modulus with
experimental data.

5. BUBBLE GROWTH MODULUS

We will assume that the bubble surface can be div-
ided into three parts. The first part, the surface area
of which is equal to S,,, is supplied with heat from the
wall Q,, through an adjacent liquid ‘microlayer’ ; the
second part (the surface area is ;) is supplied with
heat @, from the surrounding superheated liquid ; the
third part which, in our opinion, can exist at
sufficiently large Ja, is not supplied with heat at all.

We will assume that the heat flux from the heating
wall can be transferred only to those points on the
lower part of the bubble surface the height of which
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above the wall & (Fig. 2) is smaller than the pen-
etration depth of the temperature perturbation into
liquid 7 (33). Then, when / > r,, or, equivalently

m<2 (60)
it can be assumed that heat is transferred from the
wall to the entire downward facing bubble surface
through a ‘microlayer’. Thus, for the case considered
the value of S,, is equal to 2zrZ, and the heat flux from
the wall can be found from Table 2. To condition (60)
there correspond small numbers of Ja (<0.5). At such
small values of Ja the bubble departure diameters are
usually lower than 1073 m [7, 18-20]. On the other
hand, direct measurements [21, 22] show that the
thickness d; of the superheated liquid layer formed
on the wall in nucleate boiling is of the order of
10~*m, i.e. it is comparable with the bubble size. There-
fore, it is logical to suppose for the case considered
that the bubble is completely covered with a super-
heated liquid layer, a part of which is pushed away
from the wall during the process of growth (Fig.
9(a)). Then S, = 2nri.

When the bubble grows far beyond the superheated
layer, which is observed, for instance, in nitrogen and
oxygen boiling when Ja = 10-20 [23-25], it is prob-
able that the superheated layer thickness in the upper
part of the spherical surface will decrease greatly.
Then one can ignore this part of the superheated layer
in thermal calculations. We shall suppose for this case
that when growing the bubble pushes aside and away
from the wall a part of the superheated layer to be
accumulated under the downward facing half of the
bubble surface (Fig. 9(b)), i.e. the area covered with
the superheated liquid constitutes 2zr. This value can
be refined when comparing the thus derived relation-
ship for the bubble growth modulus with experimental
data.

To calculate heat inflow from the superheated
liquid, it is necessary to solve the system of equations
that describe the motion and heat transfer in the
superheated liquid layer on a portion of the bubble
surface with corresponding initial and boundary con-
ditions and with the conditions of conjugation at the
phase interface. To simplify calculations, we shall
assume that only the radial velocity exists in the liquid
surrounding the growing bubble (here and hereafter
the spherical coordinate system will be used the centre
of which coincides with the bubble centre) and that
temperature and velocity fields in the superheated
liquid layer depend only on r and 7. Then the energy
conservation equation in this layer can be expressed
as

a0 00 a 0 ,00
aﬁUa—r‘fa(’ 5)-

We shall ignore inertia forces which may be appreci-
able only at high Ja. Also neglected will be the mass
forces, which, as shown experimentally [22], do not

(61)
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(a)

(b)

Fi1G. 9. Bubble growth at small (a) and high (b) Jakob numbers: 1, vapour bubble; 2, superheated liquid
layer.

influence the growth modulus and also the viscosity
and surface tension forces.

Under the above conditions the Navier—Stokes
equation will reduce to

p = const. (62)
which will also be valid for the vapour phase.
The continuity equation will have the form
1 d
pe a(rzU) = 0. 63)
The initial conditions will be stated as
T= 0, ry, = 0 (64)
t=0, 6=0. (65)

Now, we can write down the boundary conditions. As
was mentioned before, the superheated liquid layer
thickness &, has the order of 10~¢ m. Of the same
order is the depth of temperature perturbation pen-
etration into liquid /, calculated from equation (33),
for the bubble growth time equal to 0.01-1 s. This
allows us to suppose that the thermal processes near
the bubble surface will follow the same course as in
the case of d, = co.

Then, the condition at infinity can be formally
expressed as

r—o0, 0-0.

(66)

Neglecting the thermal resistance on the liquid-
vapour interface and taking into account equation
(62), we can express the condition on the inner boun-
dary of the bubble in the form

0 =0, (67)

r =ry,

The analysis of Scriven’s tabulated data [l] dem-
onstrated that if one restricts oneself to the region of

h

(T =T > 10 (68)

which is of greatest practical interest, then to deter-
mine the growth modulus it is possible to use, with a
sufficient accuracy, the solution with the parameter
(pi—p)/pr =1 [3]. Virtually this means that for the
compatibility condition for the mass fluxes the liquid—
vapour interface can be assumed impermeable. In this

case the above-mentioned condition can be given in
the form

dry

U = dr

(69)
which will be used in what follows.

The compatibility condition for energy fluxes will
be written as

d
a; (Vbhpv) = Ql + Qw (70)
where
06
0 =/115 -5y (71)

r=ry

We shall now consider separately the above-indicated
cases of small and large Ja.

5.1, Small Ja
As already mentioned, in this case the value of Q,,
can be calculated from

Qw = Qwilosrb

where 0, is determined from Table 2.

To find the bubble growth law, it is necessary to
solve the system of equations (61)-(63) with initial
conditions (64), (65), boundary conditions (66), (67)
and the compatibility conditions (69)—(72). The
analysis of this system shows that the problem is fully
described by the following set of variables: r, 1, 0, a,,
hp,. 4, O, the last one being dimensioniess, that is

0= f3(r’ T, 0s7alahpv’ Ah Qw) (73)

(72

and

I, = f4(1:’ 65, @, th ll) Qw)

Using the dimensional analysis, the latter ex-
pression can be transformed into

(74

"y
m=——
\/ (a7)
It is shown in Appendix B that the solution of

the problem set can be presented in the form of the
following equation :

= fa(Ja,Qu). (75)
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1= m _ Ou coLex m’ (1-R
“\7z " 2z/), &®| "2\ Rr
2——-

+R2 1>]dR (76)

which establishes equation (75) in an implicit form.
The definite integral in equation (76) is not expressed,
in the general case, in terms of elementary functions.
It was calculated by Scriven numerically [1]. We will
denote it by F(m). The values of this function,
obtained by recalculation from Scriven’s solution, are
given in Table 3. It has two asymptotes

F(m) -1

m>1, F(m)—»\/(z;-)/m.

Equation (76) can be approximated accurate to about
4% by

e[+ (G ) T

(9

(When m « 1 and m > 1 the agreement is perfect.)
Taking into account the approximate nature of this
approach, it is possible to omit the coefficient
J/(3/7), equal to 0.98, and to use the expression
A 3/4
Y= (g—w + 1) ~ —igW
14 (14+1070/&)

instead of determining Q..

(n

m«l1,

(78)

(80)

Table 3. Function F(m) obtained by means
of recalculation from Scriven’s solution [1]

at (p—p.)p =1

m F(m)
0.02 0.98250
0.04 0.96575
0.08 0.93344
0.12 0.90333
0.16 0.87500
0.2 0.84850
0.4 0.73513
0.8 0.57812
1.2 0.47500
1.6 0.40250
2 0.34885
4 0.20850
8 0.11509
12 0.07943
16 0.06063
20 0.04902
40 0.02504
80 0.01265
120 0.00847
160 0.00636
200 0.00509
400 0.00255
600 0.00170
800 0.00128

T T
2 Ja =100
10
10
m
10! .
/__L,——————
16! 1 i
102 10% 104
£

FiG. 10. The influence of solid wall relative thermal con-
ductivity on the vapour bubble growth modulus at different
Jakob numbers.

The error of the growth modulus calculation due
to the use of the above relation does not exceed 1.3%.
Hence, we shall finally obtain

m = (Ja**+yJa¥*)*?
where y is found from relation (80).

5.2. Large Ja

In this case the heat transfer from the wall will
involve a considerably smaller portion of the bubble
surface (for which 8 < /). However, it is in this region
that the most intensive heat transfer from the wall is
concentrated, as is evident from Fig. 6. Therefore, in
this case too the value of §,, though with lesser accur-
acy, can be found from Table 2. But since in this case
the bubble growth will be mainly controlled by the
heat inflow from the liquid, there is no sense in the
accurate determination of 0, as it will be shown later.

The surface area of the bubble covered with super-
heated liquid has been already determined as equal
to 2nrl. Then, when assuming again that in the vicinity
of this surface the same assumptions hold for the
temperature and velocity fields as in Section 5.1, it will
be necessary to solve the same system of equations
(61)—(63) with the same boundary conditions. Nat-
urally, the solution will remain the same too.

Thus we have come to the conclusion that in both
the region of small Ja and the region of high Ja the
solution is specified by the same function. Therefore,
one can expect this function to describe the process at
any values of Ja. Comparison with experimental data
in Section 6 confirms this hypothesis. Thus, for fluids
under consideration, regardless of the value of Ja, it
is possible to recommend relation (81) for calculating
the growth modulus.

Figure 10 presents a schematic diagram of the rela-

(81)
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tion obtained. As is seen, the dependence of the growth
modulus on & becomes increasingly weaker with the
growth of Ja. It is due to the fact that as Ja increases,
the role of the second term in the parentheses on
the right-hand side of equation (81), which accounts
for heat transfer from the wall, becomes smaller.
Beginning from Ja = 13, the main part is played,
according to equation (81), by heat transfer from
superheated liquid, Q,, irrespective of the values of &.

6. COMPARISON WITH EXPERIMENT

We compared relation (81) with experimental data
of seven works containing the results of a cine-
matographic investigation into the boiling of cryo-
agents (helium, hydrogen, nitrogen, oxygen), freons
(F-12, F-113, F-142), ethanol and benzene on sur-
faces that differ considerably in thermal properties
{copper, silver, stainless steel, nickel, German silver,
constantan). Experimental couditions are sum-
marized briefly in Table 4 which shows that the
values of &, responsible for heat transfer from the wall
in the quasi-stationary mechanism of heat transfer,
varied within a wide range from 10 to 4220.

The range of Ja was also broad enough: from 0.4
to 83. Moreover, we compared calculations by
relation (81) with experimental data on ethanol boil-
ing when Ja > 100 [27-29]. It appeared that in this
region equation (81) slightly overpredicts exper-
imental data probably due to inertial effects. There-
fore, the resulting relation is recommended to be used
when Ja < 100.

Two works are worthy of special attention. When
processing the data of ref. [19] we had to use the
following relation:

o

with 7, including not only the time of growth, but also
the silence time of nucleation sites. It is shown in ref.
[19] that at the lowest pressures the fraction of the
silence time increased and in separate cases it could
be approximately equal to the growth time. Therefore,
the data on boiling in vacuum from the above-
mentioned work were not used by us.

The authors of ref. [24] studied the growth of
bubbles on the upper generatrix of a horizontal tube
where, as they claim, there seem to exist upstream
flows of superheated liquid. It is to this effect that
these authors attribute the extraordinary behaviour
of bubbles after their departure: they continued their
growth at the same rate as on the heater, with the
post-departure growth time being sometimes several
fold higher than the pre-departure growth time [25].
It might be for this reason that at high Ja the results
of that work can be described by the Plesset-Zwick
formula for pool boiling which was obtained on the
assumption that the entire bubble surface was covered
with superheated liquid. As far as equation (81) is
concerned, it underpredicts the values of m from ref.
[24] by 30-50%.

Figure 11 compares experimental data from all the
papers except ref. [24] with the final equation (81).
From this figure it can be seen that experimental
results are satisfactorily described by this relation. For
the majority of points the difference between theor-
etical and experimental values of the growth modulus
does not exceed +35%.

In Section 4 an approximate condition of the appli-
cability of the quasi-stationary model (57) was
obtained. Now, we can attempt to refine it by com-
paring experimental data with theoretical results at
different Fo. However, the data of all the papers except
ref. [24] are in a satisfactory agreement with the final
relation (81) in spite of a wide range of Fo. But, there

m == - 82
\/ (a74) ®2) is no essential mystery about it. As it has been already
Table 4. Experimentai conditions
Ordinal Fo
No. Authors Fluid Surface (relation (59)) 4 Ja
1 2 3 4 5 6 7
1 Grigoriev ef al. [2] Nitrogen  Copper 3.7 1600 7.47
2 Nicket 0.81-2.8 360 401-11.4
3 Stainless steel 0.26 74 15.3
4 Pavlov and Potekhin [7] Helium Copper 1.Ix10°-3.8x10°  1900-2500 0.4-1.79
5 Stainless steel 12-83 10-31 1.6-6.5
6 Kirichenko and Levchenko [18] Hydrogen German silver 1.3-3.7 100-113 0.68-34.7
7 Gladchenko [23] Oxygen Constantan 0.055-45 144-192 0.47-83
8 Kirichenko et af. {24, 25} Nitrogen  Stainless steel 0.071-0.40 51-63 4.1-10
9 Oxygen 44%107°-5.6 47-89 0.3-89
10 Danilova {19} Freon 12 Stainless steel 1.0-25 170-290 0.39-6.3
11 Freon 113 1.0 260 8.6
12 Freon 142 0.55 160 10.2
13 Grigoriev et al. [2] Ethanol Copper 3.1-4.8 2590 8.19-13.5
14 Nickel 0.35 556 22.0
15 Stainless steel 0.20 98.0 14.2
16 Golovin et al. [26) Ethanol  Silver 24-2500 2710-3000  0.115-9.54
17 Benzene 4.8-191 1.5-33.8

3310-4220
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FiG. 11. Comparison of final equation (81) with experimental
data on the vapour bubble growth rate. The numbering of
points correspond to Table 4.

pointed out, the ratio a,/a, usually varies within the
range 10°-10°. Therefore, Fo substantially smaller
than 0.7 may be observed only at high values of m
(large Ja). But, as shown in Section 5, in this case the
heat transfer through a microlayer, Q,,, for the bubble
growth is small and decreases with an increase of m.
Therefore, in spite of the fact that the quasi-stationary
approximation becomes invalid for Fo « 0.7, equa-
tion (81) can be formally used in this case too. Thus,
the now available experimental data do not justify any
constraint on the use of equation (81) with respect
to Fo, with the only restriction being the condition
Ja < 100 beyond which the energy scheme of the vap-
our bubble growth ceases to operate. The above con-
dition does not impose serious restrictions on the
generality of equation (81), because it is violated
only at very low reduced pressures (p/p. < 0.005).
Thus, there are good reasons to suppose that the influ-
ence of the thermal properties of the heating surface
material on the bubble growth rate, and, conse-
quently, on boiling heat transfer can be described by
a single solid body parameter, i.e. its thermal con-
ductivity, instead of the set of properties (pcl),, in the
nucleate boiling non-stationary model [2, 7, 11]. It is
also possible to suppose the existence of a whole class
of phenomena in which the space-time nonuniformity
of the heat transfer coefficient (heat transfer in tur-
bulent flow, natural convection, condensation, boil-
ing) is accompanied by quasi-stationary heat
conduction in the wall and the value of the average
heat transfer coefficient will depend on £, This con-
clusion is to a certain degree confirmed by the results
of refs. [30, 31], where a satisfactory correlation of
heat transfer data for both boiling and vaporiz-
ation of liquids in forced channel flow was achieved
with the help of £.

7. CONCLUSIONS

(1} Vapour bubble growth for the case of small
wetting angles was considered. It is shown that heat
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transfer in the heating wall under a growing bubble
can be realized quasi-stationarily, i.e. so that the tem-
perature distributions in the heater do not con-
siderably differ from stationary ones. The condition
is established to approximately determine the region
of the applicability of this approach.

(2) In order to calculate the quasi-stationary heat
transfer from the wall to a spherical bubble, Q. the
Laplace equation was solved for the temperature field
in the wall. Furthermore, with heat transfer from
superheated liquid Q, being taken into account, an
equation is obtained for the vapour bubble growth
modulus, ie. equation (81), without empirical
coefficients. This equation quite satisfactorily predicts
experimental data for liquids that can easily wet the
heating surface. This correlation is applicable when
&2 10 and Ja < 100.

(3) The effect of thermal properties of the heater
material on the vapour bubble growth and, conse-
quently, on boiling heat transfer rate can be taken
into account by the simplex A,,/4;, which characterizes
the quasi-stationary heat transfer in the heating wall.
There are reasons to suppose that this conclusion
will hold true for a wide class of problems which are
characterized by the space-time nonuniformity of the
heat transfer coefficient.
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F1G. Al. Spherical layer in the d R-thick wall.

APPENDIX A. CALCULATION OF THE MEAN
INTEGRAL WALL TEMPERATURE ©(¢&, R.) IN
THE REGION R <R.

Let ©,(¢&, R) be the mean temperature of a hemispherical
layer of thickness dR and radius R = (R, + R,)/2 (Fig. Al).
It is evident that the mean integral temperature of a hemi-
spherical region can be calculated as

3/2 (%
”Rc} o

2
O, R.) = 0., R)d (3 7rR3)~ (Al)
In accordance with the solution obtained earlier for large
R’s, ® on the ray ¢ = 0 coincides with ® on the ray ¢ = n/2
and with function (39). It is obvious that in this case the
temperature of the layer at all the points is the same and the
mean temperature of the layer can be found from relation
(39).
As the radius decreases, @ on the ray ¢ = n/2 begins to
exceed © on the ray ¢ = 0. The mean temperature of the
layer in this case is to satisfy the inequality

O(% R,0) < 04 R) <O, R,mf2). (A2)

Since function (39) gives an intermediate result between
O, R,0) and O(¢, R, n/2), we shall use it to estimate
©.,(&, R) for this case too. However, when R < 0.3, it gives
an overprediction.

How much will it affect the value of ®(&, R.)? To answer
this question, we shall find ®(¢, R.) from equation (Al)
using relation (39) and first having divided the region of
integration into two parts: 0-0.3 and 0.3-R.. We shall obtain

30,
4nER?
It is obvious that when the condition R2 » 0.09 is observed,
it is possible to ignore the first term in square brackets which
characterizes the temperature in the region 0-0.3, despite the
fact that relation (39) was used which overpredicts the results
in this very region. It means that in the case considered the
inaccuracy of relation (39) will not considerably influence
the value of the mean integral temperature of the region 0
R, which can be calculated from relation (40).

O R,) = [(0.3°—0)+ (RI—-0.3%)].  (A3)

APPENDIX B. SOLUTION OF THE SYSTEM OF
EQUATIONS (61)-(63)

As is seen from equation (75), the quantities 7 and r, are
related unambiguously for the given conditions. Therefore,
it is possible to replace 7 by r, in equation (73). This will give

© = f3(R,Ja,0.). (B1)
Since the last two quantities in the function term do not vary

during the process of growth, one can assume for the given
solutions that

0 = O(R). (B2)

Then, using the rules of complex function differentiation
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one can obtain the following relations for the derivatives of
equation (61):

G0 oRd__ dORd o
3t *dRdr, dr = °dRr, dr

o d® IR do 1

Er TR T B4

To calculate U it is possible to use the continuity equation
{63), from which it follows that

72U = const. = r2U,.

2
U,
U=Ub<%) =7

Using these expressions and equation (69), the energy con-
servation equation (61} can be reduced to the form

rpdry/diy\(1-R\d® 1 d [ ,dO
( a )( 7 )i~ rar\Rar) @
Using equation (75), it is possible to show that the first
expression in parentheses on the left-hand side of equation
(B7) does not depend on time and is equal to m?/2. Thus, we

shall obtain the following equation from equations (61),
(63), and (69):

2 d
%(R‘2~R)d® ! d(Rzﬁ).

B85
Then

(B6)

Y e ST A QT ®9
The initial condition is fulfilled automatically, because we

use relation (75). The second initial condition, equation (65),
in dimensionless form will yield

R=w, ©=0 (BY)

This condition is also a dimensionless form of boundary

condition (66). The second boundary condition, equation

(67), which also includes the equation of motion (62), results

in the expressions

R=1 ©®=1. (B10)

Combining relations (70)—(72), we shall obtain the following
expression in dimensionless form :

w© _n o,

dRlzey Ja  2n

The integration of equation (BR) is carried out in the same

way as in ref. [3]. First consider the quantity R*d®/dRas a
new variable. Then the first integration of the above equation

will give
do m ({1 R’
225 L A BT
R iR const.exp[ 5 (R+ 2)] (B12)

To determine the constant of integration, we shall use con-
dition (Bi1)

o _(m* 0.\ 1 m (1-R R-I
dR " \Ja 2 )R®P| "2\ "R 2/t
(B13)

The integration of the last expression within the range from
R =1 to R will yield the temperature field

2 'R
1~@=('"——Q“i) LI

m?(1-R
CRBPL TR
R —1

+55—) |ar. ®1Y)

This relation satisfies condition (B10). Condition (B9) leads
to equation (76).

(B1D)

CROISSANCE DE BULLE DE VAPEUR DANS L’EBULLITION AVEC DES
CONDITIONS QUASI-STATIONNAIRES DE TRANSFERT THERMIQUE DANS
LA PAROI CHAUFFANTE

Résumé—On étudie la croissance des bulles de vapeur dans I'ébullition sur une paroi solide avec des petits
angles de mouillage. On constate que le transfert de chaleur dans la paroi sous la bulle peut se faire dans
un mode quasi-stationnaire. Les limites de I"applicabilité de cette approche ont été déterminées. La solution
de P’équation de Laplace V2T = 0 décrit le champ de température dans le cas considéré. On obtient une
formule théorique pour le module de croissance de bulle de vapeur sans aucune constante empirique. Cette
formule prédit convenablement les données expérimentales pour les liquides cryogéniques, Freons et autres,
qui mouillent facilement une surface solide. 11 est établi que I'effet du matériau du chauffoir peut &ire pris
en compte 4 I"aide d’un parameétre simple, la conductivité relative 4,/4,.

DAMPFBLASENWACHSTUM BEIM SIEDEN UNTER QUASI-STATIONAREN
WARMEUBERTRAGUNGSBEDINGUNGEN AN EINER BEHEIZTEN WAND

Zusammenfassung—Es wurde das Wachstum der Dampfblasen beim Sieden an einer festen Wand mit
kleinem Benetzungswinkel untersucht. Es wird gezeigt, daB die Wirmeiibertragung in der Wand unter der
Blase in einer quasi-stationdren Weise ablaufen kann. Die Grenzen der Anwendbarkeit dieser Niher-
ungsbetrachtungen wurden bestimmt. Die Losung fiir die Laplace-Gleichung VT = 0 wird gegeben, welche
das Temperaturfeld fiir den betrachteten Fall beschreibt. Man erhélt eine theoretische Bezichung ohne
empirische Konstanten fir das Dampfblasenwachstum. Die Bezichung gibt experimentelle Daten fiir
Kiltemittel und andere Fliissigkeiten, die eine Heizfliche gut benetzen, zufriedenstellend wieder. Fs wurde
festgestellt, daBl der EinfluB des Heizflichenmaterials mit Hilfe eines einfachen Parameters—der relativen
Wirmeleitfahigkeit—erklirt werden kann,
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3AKOHOMEPHOCTHU POCTA ITAPOBBLIX ITY3BIPEH T1PM KMIIEHHMU B YCJIOBHUAX
KBA3UCTALIMOHAPHOI'O TETUVIOOBMEHA B T'PEIOINEN CTEHKE

AnnoranEs—PaccMOTPeH PoCT MapoBbIX My3bipeil HAa TBEPAOH CTEHKE JUIA CIy4as MajbiX YIJIOB CMayu-
BaHus. [Toka3aHo, 4TO TennooGMeH B CTEHKE MO OCHOBAHMEM N3P MOXET OCYIUECTBAATHCH KBa3uC-
TALHMOHAPHO, ONPENE/IeHbl IPAHAIEI TPHMEHUMOCTH HaHHOTO Noaxona. ITojy4yeHo pelueHHe ypaBHEHHS
Jlamnaca V2T = 0, ONKCHLIBAIOWETO [OJE TEMNEPATYP WA 3Toro cmyas. C yuyeroM Temaonoasoda u3
CTEHKH M M3 NEPerpeToii KNUIKOCTH NOJYYEHO TEOPETHYECKOE COOTHOMIEHHE U MOIYJA pocTa Mapo-
BOTO Ny3BIPA MIPH KMIIEHHH, HE COAEPXKalliee HY OXHOro SMnupHyeckoro koadpunmenta. ITo cooTHomIE-
HHE BIOJIHE yAOBJIETBOPHTENLHO OIHMCHIBAET IKCIEPHMEHTAJIbHBIE JAHHbIE 14 KPHOTEHOB, (PEOHOB U
OPYFHX XMIKOCTEH, XOPOIIO CMAaYHBAIOILAX [MOBEPXHOCTh HArpeBa. YCTAaHOBJIEHO, YTO BIIMSHHE MaTe-
pHasa NOBEPXHOCTH HArpeBa MOXKET GBITh YYTEHO C HOMOIIBIO TApaMeTpa OTHOCHTENBHOH Terionpo-
BOIHOCTH A,/4,.



